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1 Introduction

This technical report describes the theory and user guide of Brisingr('!, a solution technique of the
neutron diffusion equation integrated in the Version5 code system.[”] Brisingr is an implementation of
the nodal expansion method!”] (NEM) and of the analytic nodal methodl) (ANM), used to integrate
the coupling equations between the homogeneous nodes of the finite difference diffusion operator with
centered meshes and to solve the flux equations. This presentation is limited to a regular 1D/2D/3D
Cartesian domain made of parallelepipeds.
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2 The nodal expansion method

The principle of this method is to consider the shape of the neutron flux in each node as a superposition
of basic shapes and not as a linear function such as those appearing in the classic finite difference approach.
In order to avoid solving a too complex problem in which the coefficients of the basic shapes would be
the unknowns, the problem is split into two:

e A finite difference problem in which the coupling coefficients are modified so as to produce currents
with surfaces identical to those which would have been obtained if the flux had a nonlinear shape
in the node;

e A nodal problem proper in which the coefficients of the basic shapes are determined.

The solution of the first problem, carried out globally on the whole domain, gives the average flux per
node (data of the second problem). The solution of the second problem, carried out independently by
pairs of nodes, gives the corrections to the coupling coefficients (data of the first problem). During the
convergence process, the currents on each of the interfaces of the core nodes are re-evaluated and used to
make a correction to the “finite difference” type diffusion operator. When the current is stabilized and
the finite difference iteration is converged, the process is stopped.

We first consider a Cartesian one-dimensional (1D) traverse made from the assembly of many infinite
slabs with parabolic transverse leakage. The 1D heterogeneous configuration corresponds to the case
where the neutron flux is a function of a unique spatial variable. These cases can be solved analytically,
whatever the type of conditions imposed at boundaries. Introduction of a transverse leakage term Ly( )+
L () (unit: n/(cm?:s)) is required to generalize the NEM to 2D and 3D cases.

Introducing transverse integrated leakage terms, Eq. (5.12) of Ref. 7 simplifies to a 1D equation where
the nuclear properties of the reactor are only a function of the independent variable x. This transverse
integrated equation is written

d
T 9(@) + g (@) by (2) + Lg(2) + Lg(z) = Qy(x) (2.1)
with the current defined as dé
(@) = =Dy(w) -~ (2.2)
and the source defined as
G
}:Eﬂeh (z). (2.3)
h=1

h#J
The boundary conditions are either a zero-flux condition (¢4(z) = 0) or an albedo condition written

do, | 11-fy(x)

FDa@) S+ 3158,

b () = 0 (2.4)

where the sign “—” or “+” is used for a left (z = x1/2) or a right boundary (z = Tr41/2), respectively.

Each slab is assumed to be homogeneous, so that the corresponding nuclear properties Dy(z), X, 4(x),
s gen (), xg(x) and vE; 5 () are piecewise continuous. As shown in Fig. 1, the reactor domain is divided
into I nodes of indices 1 <4 < I, in such a way that the nuclear properties in node 7 are constant and
equal to Dj g, Xy i g, Xsi,gens Xiyg and v p.
Using this geometric representation, the transverse integrated leakage terms are written
1 Yj+1/2 Zk+41/2 82
Lu(x) = _7/ dy/ dZDg(xvyaz)_¢g(x7yaz)
I ijAZk Yj—1/2 Zk—1/2 6y2
Dijrg | 0 0
— s €T . z - T . 2
Ay, ay%( i»Yj41/25 2k) ay¢g( isYj—1/25 2k)

1

A [Jg(ﬂ?z', Yj+1/2, Zk) - Jg(iEz‘, Yj—1/2, Zk)} (2-5)
Yj
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node i-1 node i node i+1
} } } X
Yizpn o Y *i-1/2 A XS V) Yir] Yi+3/2
~ Ay Ax; Ay —>
Figure 1: Spatial discretization.
and
1 Yj41/2 Zr+1/2 62
LZ(I) = _7/ dy/ dzD (I,y,Z)—¢ (517,2/72)
! AyJAZk Yj—1/2 Zk—1/2 ! 0z° !
Diikg | 0 0
= —ﬁ [&%(Iiaijzk-i-lﬂ) - 6—y¢g($i,yj,2k—1/2)
1
= A—zk [Jg(xivijzk+1/2) - Jg(xivijzk—l/Q)] . (2.6)

Smith introduced a quadratic leakage approximation in the nodal schemes leading to the version

that is now currently used in legacy codes ~. Smith proposed to use polynomial coefficients preserving
the average leakage terms over three adjacent nodes. Such an approximation can be constructed for
node (,7), in the X—direction, using E?—Lg’ Ezg and E;ﬂ_l)g. First consider the transverse leakage term
LY(z) along the X-axis for the leakage in the Y direction. Assuming Cy continuity of LY(x) over three

consecutive nodes, this approximation is written

LY(x) = i b; (2.7)
i=0
where coefficients b; are obtained so that
1 Tio1/2 - 1 Tiy1)2 .
Az /%3/2 de Ly(z)=L{ ,, , Ao /Iil/2 dr LY(z) = LY,

and

1 Tit+3/2 _
/ dr LY(x) = L} (2.8)

. i+l,9 >
Awl"‘l Tiy1/2

and where Ef , 1s the nodal averaged transverse leakage recovered from the previous nodal update itera-
tion. The detailed processing of transverse leakage terms will be described in Sect. 2.2.

Equation (2.1) can be written in such a way as to be valid in node i:

G G
d z Xi,
EJQ(‘T) + Elr,i,g (bq(l') + Lg(l’) + Lq(l') = QZ(%) = 2 Eg,i,g(—h ¢h($) + K—sz Z VEfmh ¢h($)
= =
21y <@ <ip1)2 (2.9)
with p
Jg(x) = =Diyg—¢y(@). (2.10)
Integrating Eq. (2.9) over node 4, we obtain
Jiv12,9 — Jic1/2,9 - s A
Az, + B big + Lig = 7y (2.11)
Where Ji:tl/Q,g = Jg(xi:l:l/Q) and
Zyz 1 Tit1/2 ;
Lig = A:vz-/m dx [Ly(x) + Ly ()] - (2.12)

i—1/2
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Neutron currents can be broken down into 2 parts by showing the usual finite difference component
and the difference between the real current and its finite difference approximation. For the left right
boundary, we write

_ =D (Bi1,g = Dig) = Dty (bivig + i) i< T
Tiv129 =4 pe s A+ 3 o (2.13)
Di,g(bivg - Dz‘,g@}g ifi=1
and for the left node boundary:
D7, (Bog = Bi-ra) — Dy (o + iorg) i1
Jic1/2,9 = u9 (61g ~¢, 1) = Dirg (P19 + diz1) > (2.14)
’ _Di,g¢ix9 - Di,g(bw ifi=1

where Dziq is a drift coefficient that will be obtained from the nodal update procedure of Sect. 2.5 and
where

Dt = 2DigDit1,9
“9 Dj gAzit1 + Dit1 gAx;
D~ = 2Di-1,9Dig (2.15)
v9 Di_17gALL'i + Di7gA£L'i_1 ' '
Both coefficients Dii)g and Dziq are non-dimensional quantities.
In case where abscissa x;11/2 is located on the boundary of the domain, we write
% for a zero flux BC
D?:,g: QlD, A (2.16)
W for an albedo BC
where A; 4 is the albedo function defined as
11-0
A==-——. 2.17
21+ p ( )

Egs. (2.15) and (2.16) are identical to mesh centered finite difference (MCFD) coefficients of Sect.
5.2.2 in Ref. 7. Values ng and Di[g are stored in variables FDMNCC and CNCC of Brisingr, respectively.

Values ¢; , are stored in variables CMFD_sol.

The system of equations thus obtained depends only on the average flux in the node. Its resolution
can be carried out using the method with two iteration levels (internal and external) conventionally used
in finite difference calculation codes. The internal iteration calculates the flux in equilibrium with a given
source, while the external iteration determines the source created by the flux.

The re-evaluation of the neutron currents is made by solving, for each interface separating 2 ad-
jacent nodes, a one-dimensional diffusion equation. This equation is obtained by integrating the three-
dimensional equation on the directions transverse to the direction of reevaluation of the currents, assuming
that the currents obey Fick’s law. For example, for the case of an interface between nodes ¢ and i + 1,
and for each of the nodes, these equations are

For the left node (z;_1/2 <2 < T;41/2):

d2
—Dig 75 0ig(x) + Tug (@) dig (@) + Liy (2) + Li 4 (2) = QF 4 (2), (2.18)

For the right node (7;,1/2 < < T;43/2):

d? .
_DHLQEQZ)HLQ(I) + 20 () pivi1,g(x) + Lfﬂ)g(x) + L7 () = Qf+1)g(x). (2.19)
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The flux continuity relation is written

fity bia(®iz1y2) = Fi1,4 Piv10(Tit1)2) (2.20)

where fz+ , and fii, o are the flux discontinuity factors for nodes ¢ and ¢ + 1 at @;41/2.
The current continuity relation

d d
J(@ig1y2) = —Di,g%(bi,g(iﬂiﬂm) = —Di+1,g@¢z‘+1,g($i+1/z) (2.21)

complete the system of equations.

2.1 Solution of the nodal expansion equations over a 1D traverse

The nodal expansion method is based on an expansion of ¢; 4(z) of the form

big(u) = arigpe(u) (2.22)
£=0

and an expansion of the transverse leakage terms L} (u) of the form
Lig(u) = LG+ plgapi(u) +pl5 2 pa(w) (2.23)

where the trial function are defined asl’!

po(u) = 1

pi(u) = wu

pa(u) = 3u®— i

ps(u) = (u2 - %) u

pa(u) = (u2 - %) (u2 - 2—10> (2.24)

and where w is the reduced coordinate defined over the support —1/2 < v < 1/2 as

R (2.25)

In the case where the discrepancy between the spectral indices of two nodes are higher than a fixed
threshold, the order 3 and 4 trial functions are replaced by

p3(u) = sinh(nu)

1/2 9
pa(u) = cosh(nu) —/ du cosh(nu) = cosh(nu) — = sinh(n/2) (2.26)
—1/2 n
with
Er,i,
Nig = Ax; —Di,j (2.27)

where we assume that ¥, ; , > 0.

All expansion functions with £ > 0 have zero averages. The coefficient ag,; g is therefore the averaged
flux ¢; 4.

Equation (2.18) is written in terms of reduced variable —1/2 < u < 1/2 as

D;, d? B
R () = = 35 o5 Gig () + Sy g (1) + LU (1) = Q5 (u) = 0. (228)
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The expansion in Eq. (2.22) being an approximation of the real solution, the application of the operator
of diffusion to this function, leads to a function of u called remainder or residue defined as

1/2
/ dupe(u)R; 4(u) =0 (2.29)
—1/2

where / =0, 1, or2and 1 < g < G.

We substitute Eq. (2.22) in Eq. (2.28). We multiply this expression by weight functions pg(u) to
p2(u) and integrate over node i using Eq. (2.29). We obtain three relations on each node by forcing the
residuals R; ,(u) to be projected on the trial functions defined in Eqgs. (2.24) or (2.26). The operation

leads to a system whose unknowns are the expansion coefficients. The three weights residual relations
corresponding to a pure polynomial expansion base are':

G G
2Dz aq.; Tyz 7,
A ég (3a27i-,g + =5 7g) + Xirig Q0,i,g +ng = Z Ys,i,gh G0,i,h + ?{’g Zyzfﬁiyh ao.i hs (2.30)
i he—1 eff he1
h#g
D by a o < by a
_LYig r,i,9 . G3ig igl  _ s7i,g<—h( o 3,i7h)
A2 T (“1’“‘7 10 )+ 12 ; 12 \%bih ™ g
h#g
X < vy a
i,g f,i,h ( _ 3,i,h) 931
S e D e R TA (2:31)
h=1
and
by a o < b)) a
g ) r,i,9 o 4,i,g) 9.2 _ s,i,geh( o 4,i,h)
5Ax2 19 T T30 (220 35 )7 20 ; 20  \"h T T35
h#g
G
Xi,g vXtih ( o a4,i,h) 539
T K 90 \924h T T35 ) (2.32)
h=1

The corresponding weight residual relations with hyperbolic basis functions from Egs. (2.26) are

G

Dig ) =3y

2 [0a2ig + a0(Mig)asigl + Brigavig + Liyg= s,i,g4h @0,ih
% h=1

h#g
G

+ % Z VEf)Lh ao,i,h (2.33)

eff he1

Yz G
Y P; ai a1(Min)
,8,9 i,9,1 1,i,h 1\Mi,n
aig + E Ys,i,gh + Tas,i,h
h=1 i,h

12 12 12
h#g
Xig avin | ca(nin)
i,9 Ez 1,i,h 1\"li,h ; 2.34
+ KCH' }; v f,i,h l 12 + ,'712 a’37 h ( )

and

Yz G
pIN P; a9 as(Min)
15,9 i,9,2 2,i,h 2\"i,h
azig + E Ys,i,gh + —5""a4n
h=1

20 20 £ 20 2,
hetg ’
Xig & az,ih | @2(7in)
i,q Ez 2,i,h 2\"i,h ; 2.35
+ —KCH';;V £, ,h[ 50 p, Gk (2.35)

1The code Brisingr defines coefficients quad¥%o11 = 1/12, quad¥%o13 = —1/120, quad%022 = 1/20 and quad%024 = —1/700
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where

ao(n) = 2nsinh(n/2)
a1(n) = mncosh(n/2) — 2sinh(n/2)

12
as(n) = (7 + 77) sinh(n/2) — 6 cosh(n/2) (2.36)
and where we used a simplification from equation
Di g Er 1,9
= 2. 2.37
Az? 771-2) p ( )

In the case of a pure polynomial expansion base, interface fluxes in node ¢ can be obtained from
Egs. (2.47) and (2.49). They are written

+ _ 01,9 | Q29
i-1/2,9 = 0i9 T T + 2 (2.38)
and . o
- o 6.9 6.9
Piv1/2,9 = 0049 T D) (2.39)

where ag,i,g = QZ_)i,g-
The corresponding relations with hyperbolic basis functions from Eqs. (2.26) are

A1,i,¢ A2,i,¢ . 1N,
/2y = 0y — —5 0 + =5 —sinh(n; g /2)as,i,g + M%w (2.40)
’ 2 2 771'19
and (i)
_ ap as; . o (1
Dii1/2,y = G0,ig T 15’9 + % + sinh(n;,4/2)as,,9 + ! ?hg a4,ig (2.41)
ig

Interface net currents in node ¢ can be obtained from Eqs. (2.47) and (2.49). In the case of a pure
polynomial expansion base, they are written

D; as,i a4,
Jic1/2,9 = T Az q (al,i,g —3az,iq + % — %) (2.42)
and
J _ D; 4 3 A3,i,9 | Q4,ig 943
1/2.9 = TR, a1, + 3024+ > + — ) (2.43)

The corresponding relations with hyperbolic basis functions from Eqs. (2.26) are

D; .
Jic1/2,9 = _A—i [a1,i,g — 3az,i.g + Migcosh(n; g/2)as i g — 1igsinh(n;g/2)aq 4] (2.44)
and
D; .
Jit1/2,9 = _A—i [a1,i,g + 3az,ig + Nigcosh(ni g/2)az ig + Migsinh(ni g/2)as 4] (2.45)

The flux and current continuity relations at surface x;,,/2 corresponding to a pure polynomial ex-
pansion base are obtained from Egs. (2.20) and (2.21) as

Q1,4 a2 _ ai,i4+1 ag 41
T+ . ;0,9 ;0,9 _rx . _ 5 g 5 g
fi,g (aO,zyg + 2 + 2 ) — Jit+l,g (a071+1,g 2 + 2 (2-46)
and

D; ( as.; Q4.4 D; as.; a4

.9 3,%4,9 4,i,9 i+1l,9 3,i+1,9 4,i+1,9
149+ 309+ + ) = (a1 it1g — 3a241.9 + - ) 2.47
Az 10,9 )i,9 2 5 ATit1 yit+1,9 yit+1,9 2 5 ( )

where f*T and f¥

ig i+1,9 are the flux discontinuity factors imposed on surface z;y1/2.
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The corresponding weight residual relations with hyperbolic basis functions from Egs. (2.26) are

Alig | 029 | o1 (ni,
iy [ao,i,g + _21 7+ —; %+ sinh(n;,/2)az i g + 775 - q)a4,z',g}
1,9
- Alitlg | 02)i4lg . a1 (Niy1,
= £, a0y — =22 + 22— sinh(nis1/2)asis1, + o1 (it 1,9) Q)a4,z'+1,g
’ 2 2 Ni+1,9
(2.48)
and
D, |
Ao [al,z',g + 3a2,i.g + i,g coSh(1ig/2) 3,19 + g Slnh(m,g/2)a47i,g}
1
D, .
= A; f a1,i4+1,g = 302,i+1,g + Nit1,9 COSh(Ni+1,4/2)a3,i+1,9 — Nit1,9 Slnh(ni+l,g/2)a4,i+l,g:|
i+

(2.49)

The zero flux boundary conditions at surfaces x_;,2 and z; /o corresponding to a pure polynomial
expansion base are:

a1;179 + a271)g =0 (250)

% = 0. (2.51)

The corresponding weight residual relations with hyperbolic basis functions from Egs. (2.26) are

Qo,1,9 —

a1,1,9
and ao,1,g + 9 +

a a . o
a1 g — —1’21’9 + _2,21,9 — sinh(n1.4/2)as1.q + 7175171’9)%1,9 -0 (2.52)
g
a a o
and ao,1,g + —1’21’9 + —2’21’9 +sinh(nr ¢/2)as 1, + 71:7[’9)@71@ =0 (2.53)
I,g

The albedo boundary conditions at surfaces x_; /o and w7,/ corresponding to a pure polynomial
expansion base are:

A= Dy A*= 3D,
A%~ _ g9 9 9 9
( g )G0,1,9 <—2 + Aw1>a1’1’g+< 9 + Az, az1,g

Dl g 1,9
2 — =0 2.54
Y Sy RN (2.54)
and Azt D ATt 3D
AT+ g 1,9 g 1,9
(Agh)aor,g + <—2 Rl R ey ol KRR
Dy g Dy g
—lg Ly -0 255
+ 2Afl;[ a‘37179 + 5A:L'[ a4,[,g ( )

where the albedo function A is expressed as a function of the boundary albedo 3 using Eq. (2.17).

If a reflector model is being used, the information available at boundary z; /o are the reference
heterogeneous boundary flux ¢7_ /2.7 the reference net boundary current Jy, /2.9 and the boundary

discontinuity factor f}fg. In this case, the right albedo factor is written

J* Iw+
Azt = T2 Thg (2.56)
¢1+1/2,g
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The corresponding weight residual relations with hyperbolic basis functions from Egs. (2.26) are

A= Dy A= 3D,
AT _ g9 9 g 9
(Ag7)ao,g ( 5 T Axl)al’l’g+( > AL )az,l,g

. Dy,
AgT sinh(m,4/2) + A—I:vfm"g cosh(nl_,g/2)> as,q

_a1(n1y)
nl,g

and T+ p AZ*t 3D
(A;+)CL07]79 + <L + I,g) Qa1,1,9 + (L + j) az.1.g

D .
+ R sin(n15/2)) 11, =0 (257)
T

2 ALL‘] 2 ALL‘]

. D
+ <A‘f§Jr sinh(ns,4/2) + A;x’jm_g Cosh(m_,g/2)> as.1g

a1(nrg) D, )
ATT 9 -9 h 2 =0. 2.58
+ < g g + A.T[nl7gSln (771,9/ ) | asrg ( )

The X —directed node leakage Ef o 1s finally obtained as
_ —25;’.9 (3ag,i,g + @a,ig/5) , if pure polynomials;
L g = Jiv1/2,g — Jic1/2,9 = (2.59)

- 25;;9 [3ag,ig + Migsinh(n; g /2)aq,; 4], otherwise .

2.2 The quadratic transverse leakage approximation with the NEM

One important point which needs to be addressed before Eq. (2.9) can be solved are the transverse leak-
age terms LY (z) and L} (). Their spatial dependency is unknown, so their shape must be approximated.
The most popular approximation in nodal schemes is the quadratic transverse leakage approximation.
For example, the X-direction spatial dependence of the transverse leakage is approximated by Eq. (2.23).
The adjustment of coefficients pf_”;’l and p%z is made so as to preserve the node average leakages of
nodes i — 1, 2 and ¢ + 1.

The first three basis functions py(u) are orthogonal on interval —1/2 < wu < 1/2, so that the quadratic
leakage coefficients p}; | and p} , of Eq. (2.23) are obtained as

(Lispi(w) = pif (pr(w)pi(w)) = pklﬂgl
(L) pa(w)) = piGs (pa(u)pa(u)) = p;gQ' (2.60)

These coefficients can be obtained with the help of the following symbolic Matlab script:

syms u
A=[1, -dxm/2, dxm~2/3 ; 1, dx/2, dx"2/3 ;

1, (2xdx+dxp)/2, (3*dx"2+3*dx*dxp+dxp~2)/3];
coef=A\[Lxm ; Lx ; Lxpl;
polyu=symfun (coef (1)+coef (2)*(u+1/2)*dx+coef (3)*((u+1/2)*dx)"2,u);
pO=symfun(l,u);
pl=symfun(u,u);
p2=symfun (3*u~2-1/4,u);
dummy=simplify (int (pO*polyu,-1/2,1/2))
rhol=12*simplify (int (pl*polyu,-1/2,1/2))
rho2=20*simplify (int (p2*polyu,-1/2,1/2))

where the variable coef contains the coefficients b; of Eq. (2.7) and the variable polyu contains the
function L} (u) in Eq. (2.60). The result of this script is written

Az, - _
,T [ (Li+1)g — Li)g) (sz + 2A£L‘i_1) (Al’l + A,Ti_l)

Pig1l =

4

+ (I/i)g - I/i—l,g) (Al’l + 2A$i+1) (Al‘l + A:viﬂ)} (261)
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Az?

Pig2 = _Z [ (I/i-i-l,g — Ei,g) (ACL‘l + Azi_q) + (-Z/i—l,g — I_/iﬂ) (ACL‘l + A.’L'H.l)} (2.62)
with
gi = (A.IZ + A.ri+1) (AIl + AIifl) (A.Iifl + AIl + AI»L'+1) (263)

where 1 < ¢ < I. In the particular case where ¢ =1 or ¢ = I, one can use a linear leakage approximation
on two adjacent nodes, or stay with a quadratic leakage approximation, using nodes 1 < 7 < 3 or
1-2<i<I.

2.3 The linear transformation technique

A linear transformation technique is required with the analytic nodal method (ANM). Our presenta-

tion is limited to 2D Cartesian geometries, in order to simplify equations.[ ] The multigroup formulation
of the steady-state 2D neutron diffusion equation is written

—V - D,(r)Ve,(r) + Erg( g (T)

G
Z Eq<_h ) =+ X;;—ETH) Z Vth(T) ¢h(’l“) (2.64)

ho h=t
where
G = total number of energy groups
K.s = effective multiplication factor
¢4(r) = neutron flux in group g
Dy(r) = diffusion coefficient in group g
Y, 4(r) = macroscopic removal cross section in group g
Y,<n(r) = macroscopic scattering cross section from group h toward
group g

Xg(r) = fission spectrum in group g

v¥¢p(r) = product of the macroscopic fission cross section by the average

number of neutrons emitted per fission in group h.

The boundary condition is either a zero flux (¢4(r) = 0 if r € OW;) or an albedo boundary condition
written as
11— p(r)

Dy(r)Ve,(r) - N(r )+§1+B( )

where (7) is the albedo at surfacic point r and OW; are the fraction of OV where the zero-flux or albedo
boundary condition is applied.

pg(r) =0 if r € OW; (2.65)

The Cartesian domain is partitioned into rectangular nodes (i, j), as depicted in Fig. 2. The nuclear
properties are assumed uniform over each node. Equation (2.64) can be written in such a way to be valid
on node (i,7) as

¢ %9
_DLJ}!]W; — Vij,g By 2g + Y9 ¢>g(x,y)

Q

Z Ei,j,g<7h ¢h (Ia y ) (266)

h#g

where Ti—1/2 <z < Tit1/2 and Yj—1/2 <y< Yj+1/2-
At this point, we introduce the linear transformation technique, in order to uncouple the energy
groups. Equation (2.66) is first rewritten in matrix form as
0? 0?

W(I)(I’ y) + 8_342‘I)(x’y> +F;;®(z,y)=0 (2.67)
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Yj+3/2

Yirl + region i, j+1

Yi+1/2 4

ij Yi+ region i—1, j region i, j region i+1, j

Keff

Yi-1/2+
Yi—1+ region i, j—1
Yi-312
f f f f f f f > X
Yiz Kier Ni-12 Y Y12 Nivl Yie3n
<t Axl >
Figure 2: Definition of the regions in 2-D Cartesian geometry
where Ti—1/2 <z < Tit1/2 and Yj—1/2 <y < Yi+1/2, with
(bl (Ia y)
Q(z,y) = : (2.68)
¢G (‘Tv y)
and
figar fijiz - fijic
Jigor  fijee oo fijec
Fi,j = . . (2'69)
fijer fije2 .. fijcc
where the components fg; ; » of this matrix are written as
oo S SN (1—§ Xid9 5y s 2.70
foign = D, . |~ ~ridglh + Xijgen(l = dgn) + Vestigh| - (2.70)
i,3,9

The next step consists to find all eigenvectors ¢; ; , of matrix IF; ; with the associated eigenvalues \; ; ¢.
We build a matrix T; ; whose columns are the eigenvectors of F; ;. This matrix is written

tija
t; 2
Tij=1"" (2.71)
Lijg
so that
F; ;T;; = T;jdiag(Nije) - (2.72)

The linear transformation technique used to solve Eq. (2.66) is based on the introduction of an
unknown vector ¥(z,y) defined as

tign tigiz .. tijac| [Yi(zy)
tio1  tlijo2 ... tijoa Ya(,y)
®(z,y) =Ti;¥(z,y) = | . —_— : : (2.73)

tijc1 tige ... tlijcec]| \Ya(z,y)
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and to its substitution in Eq. (2.67). We obtain

0?2 0?2
92 Ti; ¥(x,y)+ a2 T;; ¥(x,y) +Fi; Tij ¥(z,y) =0 . (2.74)

We next left-multiply each side of Eq. (2.74) by [T;]”" and use Eq. (2.72) to obtain

2 2
5 Q\Il(ac y) + oy o W(x,y) + diag(Xi ;)P (x,y) =0 (2.75)
where Ti—1/2 <z < Tit1/2 and Yj—1/2 <y< Yj+1/2-

Equation (2.75) is similar to Eq. (2.67) with the difference that all the energy groups are uncoupled.
Its resolution will therefore reduces to the solution of G one-speed problems.

2.4 The analytic nodal method in 2—D Cartesian geometry

The two-dimensional (2-D) Cartesian heterogeneous reactor configurations correspond to the case
where the neutron flux is function of two spatial variables. These cases cannot be solved analytically and
the analytic nodal method (ANM) is an attempt to find a solution with the smallest possible approxi-
mation. Here, we are limiting our investigations to a 2-D Cartesian domain made from the assembly of
many z—y rectangular nodes which are infinite in the z direction.

In this case, the neutron flux and the nuclear properties of the reactor are only function of the
independent variables x and y. Equation (2.64) simplifies to Eq. (2.66) where each node is assumed to be
homogeneous, so that the corresponding nuclear properties are piecewise continuous. As shown in Fig. 2,
the reactor domain is divided into I x J regions of indices 1 < i < I and 1 < 5 < J, in such a way that
the nuclear properties in region ¢, j are constant and equal to D; j ¢, 2r i j.gs 2i,5,9<hs Xi,j,g a0d V3¢ 5 5 p.

The linear transformation technique of Sect. 2.3 is applied on each node, leading to the linear trans-
formation G x G’ matrix T; ; and to a set of G eigenvalues A; j ;. The transformation process is repeated
for each node, leading to I x J matrix equations written as

2 2

G ¥ ) + () + ding(he ) lay) = 0 (2.76)

if w;_1/0 <@ < w10 and y;_1/2 < y < yj41/2- BEach equation is uncoupled in energy, and can be
written as G differential equations of the form
2 2

Unfortunately, it is impossible to find the analytical solution of Eq. (2.77) because its dependent
variable 14(z,y) is generally not separable. The ANM is based on transverse integration of Eq. (2.77),
leading to

Yjt+1/2 32 Yjt+1/2 32 Yj+1/2
/ dy @d’g(% y) + / dy 8_y2wg(x’y) + )‘i,j,g/ dyg(x,y) =0

Yj—1/2 Yj—-1/2 Yj—1/2

which can be transverse integrated along the Y axis as

(%z%y,q( ) + Nijg Vi (@) = L] (2) (2.78)
1 Yj+1/2

V() = 31— / dy g(z,y) (2.79)
A J JYj—1/2

where Ay; = y;11/2 — yj—1/2 and where we introduced the X-directed transverse leakage term as

y 1 Yj41/2 82 1 o Yjt+1/2
‘Cj,g(‘r) = TN dy a—ygl/)g(x,y) = _A—y 6—y¢g($7y) . (2.80)

Yj—1/2 J Yji—1/2
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Similarly, the transverse integration along the X axis leads to

82 xr €T xT
a7 oY) + i ¥ig(y) = Li,() (2.81)
g 1 e d 2.82
fa) = 5 | R (282)
where Ax; = x;11/2 — ¥j_1/2 and where we introduced the Y-directed transverse leakage term as
1 it1/2 2 1 ] i+1/2
L? =— dz — . 2.83
z,g(y) Az, /ﬂail/2 Oz 21/’ (r,y) = A:z:i (%wg(:v,y) _ ( )

Equations (2.78) and (2.81) can be solved analytically, provided that the = and y variation of the
transverse leakage terms E}’ g(x) and L7 (y) are known. This is where we introduce the quadratic leak-
age approximation of Eq.(2.7) as the unique approximation of the ANM. Such an approximation can be
constructed for node (4, 7), in the X—direction, using LY , g LY g and LY 115,90 the transverse leakage
terms without linear transformation. In his thesis, Smith developed the ANM with a quadratic leak-
age approximation in two—group, 3D Cartesian geometry. Here, we are presenting the ANM with the

quadratic transverse leakage approximation in G-group and 2-D Cartesian geometry.

We now present the relations between node averaged fluxes ¢; j , and X —directed boundary fluxes
¢4 ,(xix1/2) and boundary net currents JY (zi+1/2). Under these conditions, the right-hand term of
q. (2.78) is assumed to exhibit a quadratic variation in x, written as

LY (z) =bo+bix+bya”

where z;_1/2 < < x;41/2. The polynomial coefficients in Eq. (2.84) are related to Lf 1,97 LfJ 9 and
v

i+1.j.g0 the transverse leakage terms without linear transformation, using

1 Ti—1/2 Y Y 1 Tit1/2 ” y
AxH/m de LY (x) =L}, ;. Axl_/x dr LY (x) =LY,

i—3/2 i—1/2
and
1 i+3/2
Y Yy
o L@ =T, 280
i+1 Jai
so that .
b 1 Ti—3/2F+Ti—1/2 11’73/22-‘1-%73/2%71/2+1i71/22 B Ey )
0 2 2 3 2 i—1,j,9
bl =11 mi71/221i+1/2 Ti—1/2 +1171/2311+1/2+1i+1/2 _Llil,j,g . (285)
ba Tit1/2+Ti43/2 Ii+1/22+1i+1/2Ii+3/2+1i+3/22 LY 1.5
1 5 3 i+1,5,9

If a node i is located on a zero-flux left boundary, Eqs. (2.84) are still used, taking care to set
Lf 1,9 =0 Similarly, if a node 7 is located on a zero-flux right boundary, we use LZJr1 = 0. This
approach is selected in a try to keep the compatibility with the recipe used in QUANDRY the original
ANM implementation by Smith.["]

The integration of Eq. (2.78) over node (4, j) leads to the transformed nodal balance equation, written
as

Vijg = )\ iig (Lfa gt Ey,wz)

Let us first consider the case where A; j 4 > 0. In energy group ¢ and in node (4, j), Eq. (2.78) has an
analytical solution of the form

7o(@) = at Bt ya® + Aijgcos(v/Nijg @) + Bijgsin(y/Aijg ) (2.86)
if #;_1/2 <@ < xj;1/2. The particular solution is a quadratic polynomial in z with coefficients

bo 2bs b1 bo
—_— , B= and v =
Nijg N Nijg Nijg

4,5,9

o=

(2.87)
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where by, by and by are the polynomial coefficients of the transverse leakage term L;’ g(:v), as given by

Eq. (2.84).
Integrating Eq. (2.86) over the node leads to

2 2
Tiij2 + Titif2 oy Ti_ijp T Tiei/2Titij2 + Tiyy)n

1/31-7]-19 = Oé-'—ﬂ 2 3
L Ai,j,q . ( 5\ ) Titi/2 B;j.g ( 5\ ) Titi/2
——F——— SIN(\/ Aj.j.g T — ———————= COS(\/ Aj.jg T
AJJ“/}\Z‘)]‘LQ “d Ti—i/2 A,Ti\ / )‘iJ;g g Ti—i/2

Differentiating Eq. (2.86) over the node leads to
Tjg(@) = =B =272+ Aijg\/ Aijgsin(v/Aijg @)
- Bi,j,g )\i,j,g COS(\/AZ'J"Q .I) .
Equations (2.86) to (2.89) can be rewritten, if A; j 4 <0, as
V(@) = a+Br+ya®+Cijgcosh(y/=Xij, )
+ Ei,j,g sinh(\/ _Ai,j,g I) y

2 2
Ti_ij2 + Tigif2 Ti_ijp T Timi/2Tivi/2 + iy
2 7 3

Liti/2

1/_)z',j,g = a+f

C. .
+ 29 sinh(y/~Aijg @
sz\/T,],q ( »1,9 )

Ti—i/2

+ Em}g h(\/)\— )mi+z‘/2
——— COS —Aijag X

A,Ti\ / _)\i,j,g i Ti—i/2

and

jqu(x) = —B=2yx = Cy 4\ —Nijgsinh(y/=Aijg 7)
— Ei,j,g\/_)\i,j,g COSh \/— i,5,9 JJ) .
To proceed further, we need to rewrite Eqgs. (2.86) to (2.92) in matrix algebra. We define
Ui(z) = {¢),(x); g=1,G}
U, = {Yije; 9=1,G}
Ti(x) = {T/,(x); g=1,G}
Tily) = {JT5@w); g=1,G}
Aij = {Aijg; 9=1,G}
Bi; = {Bijg; 9=1G}
T d T : xr
Jiy) = {— Divjvgd_y(bi,g(y) ;9= LG} = diag(D;,j,q) Ti; T7(v)
Sij = 'H‘;’jldiag(Di)jg)_l N

so that the above equations can be cast into

o, (A B
K = M. ©J V. V..
(jg(le/2)> 2,) (Bi,j) + [ 2,) 1;]}

Si;, 0 0 O 0 O I 1 (Yi-1/2)
0O S 0 O O O JE(yj-1/2)
. |0 0 s; 0 0 Of|J 1(% 1/2)
0O 0 0 §; 0 O Ji_1(Yjt1/2) 7
0O 0 0 0O S; O i (Yj1/2)
L0 0 0 0 0O Si] \Jin(y+1/2)

(2.88)

(2.89)

(2.90)

(2.91)

(2.92)

(2.93)
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(e
T (wita2))

0O 0 O Ji 1 (Yi—1/2)
Si, 0O 0O O J7 (Yj-1/2)
O 0 S; O O 0 J7 l(y] 1/2)
, , 2.94
% O O o0 §S; 0 0 Jl 1(Yjr1/2) ( )
0O 0 0O 0 S; 0 Ji(Wjt1/2)
O 0O O O O S| \Jiijt1y2)
wY( N, (299) + [-Up, U
j 331‘—1/2) i,j B, + [ % w}
S;; O O O @) O Ji 1(93‘—1/2)
0O Si; 0O 0O O O J(yj_1/2)
0O O Sy O O O |J%(y1/2)
: 2.95
“lo 0O O S; O O Jz 1(Yjr1/2) (2.95)
0O 0 O 0O S; 0 Ji(Yj1/2)
O 0O O O O Si| \J4hi(yjr12)
and
UY(z;010) = NI Aij + [0, U]
G \Lit1/2 .7 Bij ,J ©,J
Si; O O O O @) J 1(%‘—1/2)
o s; 0 0 0 0 Ji(yj-1/2)
0O 0 S; O O O]||Jh (12
x ; 2.96
O O 0 s; 0 0 Jz 1(Wj41/2) (2.96)
0O 0 0O 0O S; O I (Yj41/2)
0O 0O 0 O O S| \Jna@ie)

where Mi- are two 2G x 2G matrices. Ni. are two G x 2G matrices. Finally, [Ui. are G x 3G matrices
and Vi are 2G' x 3G matrices. The coefﬁments of these matrices are recovered frorn Egs. (2.86) to (2.92).
Coefﬁments A; ; and B;; from Eq. (2.95) can be eliminated using Eq. (2.93) and coefficients A; ; and
B; ; from Eq. (2.96) can be eliminated using Eq. (2.94). The resulting equations can be cast into

Jf71(yj—1/2)

‘{;(yjflﬂ)
WY (2,1 s0) =P W, s + PH T (w1 0) + PO Jg’jl(yj*l“) (2.97)
A A A BT (Y 2)

Ji (Yj41/2)

i1 Wjt/2)

where ]P’;tj are G x G matrices and P} is a G x 6G matrix;

l(yj 1/2)
Ji(Yj-1/2)

SOHI‘ J
o) = Qi+ QT+ 02 | S0 299
g (yg+1/2)
Ji+1(yj+1/2)
where ij are (G X (G matrices and fo’j“r is a G X 6G matrix.

The transformed nodal balance equation (2.86) can be written in matrix form as

= T (i Ti(y;—
Ty =Xy Xiy] (J%E%Jrig;) + [-Yi; Vi) (J;’”Ezj;gg) : (2.99)
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Finally, the linear transformation can be inverted, with the help of the following definitions:

®i(z) = {¢],(x); g=1,G} = T,;;¥Y(x)

‘I)ij =

b

T (x)

and

where

.
Li; =

ZI,sour
L%

and

RZ™

1,

x,sour
R;;

{(lgi,j,g ;9= 17G} = Ti,j‘i’i,j

d .
= {~Disy#,@) s 9=1,G} = diag(Di0) Tiy TY(@) -

We can show that

‘I)? (90141/2)

= Ti; P Ty, Lif=
Si; O

0 Si;

sour @ @
=tk o o
0O O

0O O
=T, Q T}, Rif=
Si; ©

0 Sij

sour @ @
=15 o o
0O 0

0O 0

:Li;é ] +]L J (JE,L 1/2)

Jf;l(yjfl/Q)
J; (yjfl/Q)
J;‘E+1(yj—1/2)

L_x,':sour h
Ji_1(Yj41/2)
i (Yjr1/2)
I (Yir1y2)
1(% 1/2)
(( 1/2))
I (y;

R+ JY(x; + REsour [ < it13S5—-1/2

0,7 ](I+1/2) 1,7 J l(yj+1/2)
z(ijrl/Z)
Ji+1(yj+l/2>

’H‘,]PJSJ,

O O 0 o0

O O 0O O

Si; O O O

o S;,; 0 O

O 0 s; O

O 0 0 S,

TJQ Sij,

O O 0 o0

O O 0 o0

Si; O O O

o S;,; 0 O

O 0 s; O

<.

16

(2.100)

(2.101)

(2.102)

(2.103)

The X—directed ANM coupling relations are therefore written by imposing the flux continuity on

Ti—1/2, as

Py

} Rf:quh 1J+Rz 1,5

T a(yj-172)\ |
Jift(yjfl/i)
x,sour Jm y71/2
T (@io1yn) + RES| 5500
§(@ic1y2) + RO I 2 (Yj41/2)
Ti_1(j41/2)
Ji Wjr172) ] |
z l(yj 1/2)
Ji(Yi-1/2)
. z,sour J Y
L§5 @i+ LT I (wi12) +1L77° g 151/2&?3
J7Wit1/2)
i Jz+1(y3+1/2)

(2.104)
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where [ fit ] and [ fzj are G X G diagonal matrices containing multigroup discontinuity functions.

The nlo_c;;l balance léjquation can be written in term of non-transformed variables as
. =m (i) 2 () 219
where
BY, =Tij [-Xi; Xij] [S(é}j S?J (2.106)
and
BY; =Ti;[-Yi; Yi] {S(S)j S(?J (2.107)

Relations (2.104) are used together with the Y—directed ANM coupling relations and with the nodal
balance equation (2.105) to build the global matrix system.

Calculation of matrices L; j, R; j, BY ; and B ; for each node represents the core of the ANM. These
matrices are function of the G—group cross sections and diffusion coefficients, of the node size and of the
effective multiplication factor Keg. They must be updated during the power iteration, as Keg change.

Assuming a rectangular domain, the zero flux boundary conditions at surfaces z_;/, and x4/, for
all values of y corresponding to the ANM are:

LT;@LJ + ijJ?(CC_l/Q) + Li,;our

( )
( )
Eyj71/2§ —0, Y (2.108)
( )
( )

WENEFEWRNKFE

SSSSSS

and
J?72(yj—1/2)
J?;l(yjflﬂ)
RE=®, ; + REEJY (27 ) + RO | J1Wi-12) | gy (2.109)
Ly =53 Li<i / L JT2Yjr1/2)
J?—l(yj+1/2)
J7(Yjr1/2)

Assuming a rectangular domain, the albedo boundary conditions at surfaces z_; /o and 1/, for all
values of y corresponding to the ANM are:

1 )

H051/2)
(T (AL} Y oaj) = = (A7) (L5 @0, + L35 | B2 vy 20)
2 ( )
5( )

and

Jg—z(yjfl/Z)
JI—%(yj—l/)2)
x z 1 x z— F x,s0ur J7 Yj—-1/2 .
{1+ A3 [Ry5]} i) = — [A57] |RY; 80, + R ] v e
J?;l(yj+1/2)
Jz(yj+1/2)

where [ is the G x G identity matrix and where [A;”f] and [A;”Jr] are G x G diagonal matrices containing
multigroup albedo functions as defined by Eq. (2.17).
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2.5 The nodal update procedure

The nodal update procedure performs a sequence of one- and two-nodes one-dimensional fixed-source
calculations to obtain the NEM or ANM nodal coefficients as a function of node-averaged fluxes ¢; g,
sources (); 4 and discontinuity factors ffq. These nodal coeflicients are then used to re-evaluate the

discontinuous neutron flux gbl.jil /2.9 and continuous current J;11/2 4 at node interfaces and to update the

drift coefficients f)fg. This algorithm is depicted in Fig. 3.

s 1o T O _
| Initialize ¢;, and D; ;"= 0 |

Y

Solve CMFD equations
over domain

B K

g

*(n)
ig

v

Perform nodal update ‘

() (n) N
¢i:1/2,g’ Jitl/Z,g7Di,g

no

convergence

Figure 3: The nodal update procedure.

The two-nodes matrix equations are used to evaluate the neutron flux and current between two internal
nodes. We first present the calculation of (bfil /2.9 and Ji11/2,4 for two adjacent nodes along the X —axis.

2.5.1 NEM update procedure

If the nodal expansion method is used, the order of the two-node matrix system is equal to 8G, where
G is the number of energy groups. It is written

Ay 1 @) @) @) a;;)\;cn S?Z]en
O A2,2 O O agyrclr?g _ fjrelr,lg (2 112)
(0) O Agﬁg A374 a?‘;d - S?,?il,g ’
Mg Agp Asz Agg afﬁ?)g Sff;ﬂ’fl)g
where O are 2G' x 2G null matrices and where the unknowns are defined as a$;" = col{az,i g, a4, 4}
and a;?f]d = col{ai1,4,a3,4}. In the case of a pure polynomial expansion with G = 2, the sub-matrix

components in Eq. (2.112) are recovered from Eqs. (2.30) to (2.47) as

GD»;J _2Di,1
2Am? 5Azf 0 0
0 0 _ 6Dis _ 2Dis
_ 2Az? 5Az?
Al,l - A _ Din Ain Qi Qi 12 ) (2113)
20 5AJE? 700 20 700
_ Qi Qi2e1 Aiz D; 2 Ao

20 700 20 T5Az7 T 700
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_6Diq11 _2Diq11 0 0
2Azf+1 5Ax?+1
0 0 _6Diy1,2 _ 2Dy,
A o 2Am?+1 5Am?+1
2,2 = Ait1 D11 Aif11 Qit1,1¢2 Qit1,12
20 T B5AzZ_, 700 20 700
_ Qit1241 Qit1,2¢1 Aiti,2 _ Dit12 Aita2
20 700 20 5AxZ, 700
A _ Din + Ain Qi Qi 12
12 2AJE? 120 12 120
Qi Qi2e1 Aiz _ Do + Ao
Ass = 12 120 12 2Az7 T 120
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
Asy = Ait1a _ Dijin + Aig11 _ Qiti1e2 Qit1,1e2
’ 12 2AxZ,, T 120 12 120
_Qit12¢1 Qit1,21 Aiti2 _Dij12 + Ait1,2
12 120 12 2Az7 120
3D; 1 D; 1
0 0 3D, D2
A= A ;
“Laoo 0 o
+
0 o Lz o
2
3Dit1,1 Dit11
A:Ei+1 5Ami+1 0 O
3Dit1,2 Dit1,2
0 0 Ax; 5Ax;
A4 5 = - Ti+1 Ti4+1
k) . b
2Ll 0 0 0
2
I
0 0 —121’2 0
Din D
i2 _ Dio
A 9 0 T Az, 2Ax;
43=| 5t
& 0 0 0
2 f+2
0 0 - 0
and b b
41,1 i+1,1
A:Ei+1 2Ami+1 0 0
0 0 Dit1,2 Diti1,2
A _ B Axi+1 2A1i+1
R S KR 0 0
2
fi7
0 0 +21’2 0
where i
.9
Aig =Drig — K V3,9,
eff
Xi,g
Qigeh = Vsigen + 7 V3 i b,
eff
x TYz iy Xi,1 G s
—Eri1 i — L]+ Ssine2 Giz + - D1 VEkih dih
z TYyz iy Xi,2 G Iy
a2 @iz — Lio + Xsi2e1 01 + 5 Y ohe1 VE¢ih Gish
geven ’ e
g T LY
720
LY

20

19

(2.114)

(2.115)

(2.116)

(2.117)

(2.118)

(2.119)

(2.120)

(2.121)

(2.122)

(2.123)
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=1 | (2.124)

and

cont _ — _ —
titl,g ™ _fi-ﬁ ¢i1 + fi+1,1 Giy11| (2.125)
[ Gi2+ [0 Piv2

The optimal sequence for solving the linear system of Eq. (2.112) is

even __ —1 geven
Qiyg - A1,1 Si,g
even _ —1 geven
aiyty = A Sitny
odd -1 odd
[ CLZ(ig ] - |:A3,3 A3,4] [ . Si,iJrl,g ] (2 126)
o - con even even : :
aiil Agz Aga|  [STT g — As1alyt — Ay aflY

The one-node matrix equations are used to evaluate the neutron flux and current on a domain bound-
ary. We next present the calculation of ¢;1;/5 4 and Ji1;/2,4 for a boundary surface ¢ £ 1/2 along the
X —axis. The order of the matrix system is equal to 4G, where G is the number of energy groups. It is
written

A1,1 O acven S;?)‘;CU
0 By {ai_;%d] = | 875 (2.127)
Bsy Bsaf - "9 sy

In the case of a pure polynomial expansion with G = 2, the sub-matrix components in Eq. (2.127)

are recovered from Egs. (2.30) to (2.17) as

Aia _ Din + Ain _ Qijiece Qije2
o 12 2Ax2 120 12 120
Bo,2 = _ Qi Qizet Ai2 _ Do + Ai2 (2128)
12 120 12 2Az? 120

with )

L

12
Spad=1 " |. (2.129)

bR Lyz

_Lis

12

Three different types of boundary conditions are now considered:

zero net current

3 £ 00

— 5

Bsi=19 ¢ 3 %], (2.130)
(¥ #5300
Bgyz_[o ¢ Fl o3l (2.131)
and

0

Sy = [0] (2.132)

where the minus sign in Eq. (2.131) is used for the left boundary condition.
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albedo condition

AT 3Di,1) D1
+ = - 0 0
B3, = (i) AF b\ Dia | (2.133)
0 0 (M) L=
F(+ ) T 0 0
B3y = ' ‘ AT D 5 (2.134)
0 0 F(M+BR2) Fpe
and (A27) B
—(AT)¢in
She = [ gl ] 2.135
»g —(qu:)(bi,z ( )
where the minus sign in Eq. (2.134) is used for the left boundary condition.
zero flux .
= 0 0 0
— |2
Bs1 = [0 0 4 0] ; (2.136)
1
L 0 0 0
Bso = [ 0 0 FL o (2.137)
and _
gbe _ |~ %1 2.138
e [—éf%‘,z ( )
where the minus sign in Eq. (2.137) is used for the left boundary condition.
The optimal sequence for solving the linear system of Eq. (2.127) is
a;_e:;en — —1 S‘_even
-1 odd
B S;
odd 2,2
; = ’ . 2.1
az’g [B3,2:| |:SBC Bg 1 aeven:| ( 39)

Similar matrix equations can be obtained for hyperbolic basis functions. Once the solution of the
linear system is obtained for a 1D traverse, interface fluxes and currents can be obtained from Egs. (2.38)
o (2.45).

2.5.2 ANM update procedure

The ANM update procedure is presented for the X-axis. The two-nodes relations corresponding to
the analytic nodal method are obtained from Eq. (2.104). The X-directed net current J¥(z;_1/5) at
node interface x;_1 /3 is obtained as a function of the CMFD neighbour fluxes P, ; and P, j» and of the

Y -directed net currents J; (y;+1/2) taken from the previous nodal correction iteration. Nodal balance
equations (2.105) are not used. We write

J (y] 1/2)
J} (( Jj— 1/;)
IR~ LI T (@i 1je) = — [F4] | RO iy + RESOY Yi=1/2
{[fz—l} i—1,j [f } } 1/2) [fz—l} i—1,5 1,5 i—1,7 J (y]+1/2)
Ji1(Yj41/2)
Jl (yj+1/2)
Ji 1(3/; 1/2)
Ji(Yi-1/2)
xr— —F x,sour J (y 1/2)
+ [Fi ) L @iy + L e 2.140
) L e ! i1 (Yja1/2) ( )
Ji (yg+1/2)
| Jz—i—l(ijrl/Q) ]
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If a zero-flux boundary condition is set, boundary currents J?(m,l /s2) and J?(:El,l /2) are given
by Egs. (2.108) and (2.109), respectively. If an albedo boundary condition is set, boundary currents
JY(x_1/2) and JY(x_1)2) are given by Egs. (2.110) and (2.111), respectively.

After the evaluation of X-directed net currents J ;’ (#;41/2) is completed, boundary fluxes are obtained
using Egs. (2.100) and (2.101).

2.5.3 Update of the drift coefficients

The updated drift coefficients Dii)g between two internal nodes are finally obtained from Egs. (2.13)
and (2.14) as

Jiv/29 + Dy (P19 = dig)

Ppt — Dit1,9 + Piyg st (2.141)
»9 Ji+1/2 g~ D} Dig oo
- : L9 ifi=1
(bi,g
and _ _
Jiciyag + Dy (019 — Gim1g) i1
P — Pirg + Di-1,4 (2.142)
¢i,g '

where Dij,[g is defined by Eqs. (2.15) and (2.16).

2.6 Intranodal flux reconstruction

The nodal expansion for the solution of the diffusion equation is made in one dimension for each of
the directions x, y and z. The crossed terms are not considered but are taken into account implicitly in
the processing of the transverse leakage terms, according to the formulation made in Sects. 2.2 and 2.4.
Determination of the homogeneous intranodal flux is required for fine power reconstruction. Intranodal
flux reconstruction is performed after convergence of the NEM or ANM. This capability is available in
module VAL: of Trivach and in module IDET: of Donjon5. In 2D and 3D cases, we perform a polynomial
flux reconstruction using the following polynomials along each direction:

pi(u) = u

pa(u) = 3u2—i

p3(u) = (u2 —~ i) u

pau) = (u2 - i) (u2 — 2—10> (2.143)

where —1/2 <u < 1/2.
The procedure consists of the following steps:

1. Perfom an additive polynomial reconstruction preserving all information contained in the NEM
or ANM solution in each energy group: averaged fluxes ¢; j i, surface fluxes ¢F J2,.k" qﬁfj L1280

¢jj,k:tl/2 and surface currents inl/zj)k, J;{jil/zw Jf)j7ki1/2.
2. Calculate the averaged corner point flux values.
3. Perform a polynomial corner flux correction.
The polynomial expansion of step 1 is based on the following 3D expansion:

4 4 4
Gy, 2) = Gk + Y0 pe(w) + D0l pe(v) + D af g pe(w) (2.144)
=1 £=1 =1
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where z;_1/0 <@ < Tip172, Yj—172 <Y < Yjr1/2 and 2170 < 2 < 2py1)0

and where u, v and w are the reduced coordinates defined over the support (—1/2, 1/2) as
1 1

T ,v:i——andwzi—

A,Ti 5

(2.145)

Coeflicients ag ; ; 1. a‘ziy .k and ag ; ., are the solution of three order—4 linear systems using information
of the NEM or ANM solution in each node.

The reconstructed flux ¢**°Pl(x,y, 2) presents important discontinuities along the node boundaries,
with maximum discrepancies at node corners. An internal corner point is surrounded by 8 nodes, similar
to those depicted in Fig. 4. An averaged corner point flux value at node corner 1 can be obtain as

A\l

1 2

Figure 4: 3D node corner numerotation.

- 1
cornl __ cornl corn?2 corn3 corn4 cornd corn6 corn7 corn8
ik T3 (PRt + G525k + B0k + BTk By + OFT k1 F BT ke F O k) -

(2.146)
Similar expressions can be written for each node corner, taking care of the fact that boundary nodes
have a number of neighbours smaller than 8.
The third step consists to correct the polynomial expansion of Eq. (2.144) so as to fit averaged corner
point flux value obtained in second step. The corrected expansion is written

2 2
PP (2, 2) = 1P (3, y, 2) + Z Z Z 5 omi ik pe(u) pm (V) pr(w) (2.147)
n=1

2
m=1 {=1

where coefficients a5 ,, ., ; ;. are the solution of three order—8 linear system in each node. The solution
of this linear system is

- C E r 4 r..cornl cornlq
11,145,k -1 1 1 -1 1 -1 -1 1 J',j,k2 - i,j,k2
C Ccorn Ccorn
@2,1,1,i,5,k 11 -1 -1 -1 -1 1 1 Pigk, ~ Pigk,
C corn corn
a1,2,1,i,5,k r1 -1 1 -1 -1 1 -11 Pighk T Pigk
a§72)17i)j7k _ -1 -1 -1 -1 1 1 1 1 _ZC‘;”;; - ZC‘;”;; (2 148)
a$ 100k 1 -1 -1 1 1 —1 —1 1| |55 —geoms) '
T _ _ _ _ Tcorn6 corné
@2,1,2,4,5,k 1 L1 1 1 111 Pigik = Cigik
C —_ — — — corn corn
01,2,2,i,5,k 11 1 11 1 11 1 11 1 Pigk, T ik
C COTIn. COTIn.
L32,2,2,4,5,k L 1 WPk — Pijk

The effect of corner flux correction is depicted in Fig. 5 for a 2D case. The result of polynomial
reconstruction based on Eqs. (2.144) (on left) and (2.147) (on right) are compared.
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Figure 5: Polynomial reconstruction in 2D.
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3 Input data specifications

3.1 Syntactic rules for input data specifications

The input data to any module is read in free format using the subroutine REDGET. The rules for
specifying the input data are therefore given in this section. The users guide was written using the
following conventions:

e the parameters surrounded by single square brackets ‘[ ]’ denote an optional input;

e the parameters surrounded by double square brackets ‘[[ ]|’ denote an optional input which may be
repeated as many times as desired;

e the parameters in braces separated by vertical bars ‘{ | | }* denote a choice of input where (one and
only one is mandatory);

e the parameters in bold face and in brackets ‘( )’ denote an input structure;
e the parameters in italics and in brackets with an index ‘(data(i), i=1,n)’ denote a set of n inputs;
e the words using the typewriter font are character constants keywordsS used as keywords;

e the words in italics are user defined variables, they should be lower case and are of type integer

(starting with ¢ to n) and real (starting with a to h or o to z) or of type character in uppercase
CHARACTER.

3.2 The global input structure

Brisingr is built around the GAN generalized driver.l”) Input data must therefore follow the calling
specifications given below:

Table 1: Structure (Brisingr)

[ LINKED_LIST [[ NAME1 ]] ; ]
[ XSM_FILE [ NAME? | ; |

[ SEQBINARY || NAME3 || ; |
[ SEQASCTI [[ NAMEA || ; ]

[ HDF5_FILE [[ NAMES5 || ; ]

[ MODULE [[ NAMEG || ; |

[

[ (specif) ]|
END: ;
where
NAME1 Character*12 name of a LCM object.
NAME2 Character*12 name of an XsM file.
NAME3 Character*12 name of a sequential binary file.
NAMEA4 Character*12 name of a sequential AsCII file.

NAMES5 Character*12 name of a HDF) file.
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NAMEG6 Character*12 name of a module.

(specif) Input specifications for a single module. Specifications for Brisingr modules will be given
in the following sections.

The input data always begins with the declaration of each LCM object, xsM file, sequential (binary or
Ascil) file or HDF5 file that will be required by the following modules. This is followed by the declaration
of the modules actually used in the input data deck. The following data describes a sequence of module
calls, in the format of the GAN generalized driver. As indicated in Fig. 6, the modules communicate with
each other through LCM objects or XxsM files whose specifications are given in section 2. The Brisingr user
generally has the choice to declare its data structures as LINKED_LIST to reduce CPU time resources or
as XSM_FILE to reduce CPU memory resources.

The input data always ends with a call to the END: module.

GEO:

#{ L_MAGROLIB

NCR:

ACR: _T

Figure 6: The Brisingr modular approach.

3.3 The BRIF: module

The BRIF: module is used to compute the solution to an eigenvalue problem corresponding to a nodal
expansion method (NEM) discretization. The actual implementation is limited to 1D/2D/3D Cartesian
geometries. The calling specifications are:

Table 2: Structure (BRIF:)

FLUX :=BRIF: TRACK MACRO :: (BRIF_data)

where
FLUX character*12 name of the LCM object (type L_FLUX) containing the solution.
TRACK character*12 name of the LCM object (type L_TRACK) containing the TRACKING.

MACRO character*12 name of the LCM object (type L_.MACROLIB) containing the cross sections,
diffusion coeflicients and discontinuity factors.

(BRIF_data) structure containing the data to module BRIF: (see Sect. 3.3.1).
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3.3.1 Data input for module BRIF:

Table 3: Structure (BRIF _data)

[ EDIT iprint |

[ NUPD max_no_nodal_iter |

[ EXTE [ max_no_outer-iter | [ outer_tol | ]

[ INNE [ max_no_inner_iter | [ inner_tol | ]

[ THER [ max_no_group_iter | [ group_tol ] |

[ NODA { NEM | ANM | OFF } |

[ GEOM { colorset | general } |

[ADJ ] [ { NODF | SELE } |

[ CMFD [ { all_groups | one_group } | [ Wielandt { ON | OFF } |
[ Krylov { bicgstab | cg | jacobi | 1du } | ]

[ VOID { Mark | Marshak } |

[ LEAK { flat | linear | quadratic } ]

[ FREQ ev_nodal_freq ]

[

BUCK valb2 ]
where
EDIT keyword used to set iprint.
iprint index used to control the printing in module BRIF:. =0 for no print; =1 for minimum

printing (default value).
NUPD keyword to specify the maximum number of nodal update iterations.

max_no_nodal_iter maximum number of nodal update iterations iterations. The fixed default value is
max_no_outer_iter = 300.

EXTE keyword to specify that the control parameters for the K g iteration are to be modified.

max_no_outer_iter maximum number of K.g iterations. The fixed default value is max_no_outer_iter
= 300.

outer_tol convergence criterion for the K¢ iterations. The fixed default value is outer_tol = 1.0 x
1078,

INNER keyword to specify that the control parameters for the inner iteration are to be modified.

This information is used by the Krylov solver.

max_no_inner_iter maximum number of inner iterations. The fixed default value is max_no_inner_iter

= 300.

inner_tol convergence criterion for the inner iterations. The fixed default value is inner_tol = 1.0 x
1078

THER keyword to specify that the control parameters for the thermal upscattering iteration are

to be modified.

max_no_group_iter maximum number of thermal upscattering iterations. The fixed default value is
max_no_group_iter = 300.
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group_tol

NODA
NEM
ANM

OFF

GEOM
colorset
general
ADJ

NODF

SELE

CMFD

all_groups

one_groups

Wielandt

Krylov
bicgstab
cg
jacobi
1ldu

VOID
Marshak
Mark
LEAK
flat

linear

quadratic

FREQ

28

convergence criterion for the thermal upscattering iterations. The fixed default value is
group_tol = 1.0 x 1076,

keyword used to set the type of nodal update.
nodal expansion method (default value).
analytic nodal method.

nNo nodal updatre performed. A solution of a pure coarse-mesh finite difference (CMFD)
equation is obtained.

keyword used to set how discontinuity factors are used.

apply discontinuity factors for colorset calculations.

general rule of application (default value).

keyword used to fperform an adjoint calculation. By default, a direct solution is obtained.
keyword used to force discontinuity factors to one.

keyword used to replace discontinuity factors with SPH factors. Discontinuity factors
are set to one and macroscopic cross sections, diffusion coefficients and physical albedos
are SPH-corrected. This option is only available in cases where the nodes have equal
discontinuity factors on their sides.

keyword to specify various options of the coarse-mesh finite difference (CMFD) calculation

keyword to specify that the inner problem is solved simultanously for all energy groups
(default option).

keyword to specify that the inner problem is solved one group a time.

keyword to activate/desactivate (ON/OFF) the acceleration of K¢ iterations using the
Wielandt method (ON is set by default).

keyword to set the type of preconditionning used bt the internal Krylov solver.
Biconjugate gradient stabilized method (default option).

Conjugate gradient method.

Jacobi method.

Full or incomplete factorization of the sparse matricces.

keyword to specify the type of albedo or vacuum boundary condition.
Marshak boundary condition (default option).

Mark boundary condition.

keyword to specify the type of transverse leakage approximation.

flat leakage approximation.

quadratic leakage approximation in the internal nodes and linear leakage approximation in
the boundary nodes.

quadratic leakage approximation in all the nodes, including boundary nodes (default op-
tion).

keyword to specify the frequency of nodal updates.
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ev_nodal_freq number of external iterations before performing a nodal update. The fixed default value
is ev_nodal_freq = 0.

BUCK keyword used to specify the fixed buckling. By default, valb2 = 0 cm ™2

valb2 value of the fixed total buckling in cm™2.

3.4 The NODSPH: module

This module compute a MACROLIB for a 2D equivalent macro-geometry based on discontinuity factor
equivalence theory. A fine-mesh reference calculation (using a fine-group transport calculation) is first
performed so as to produce a coarse-group and coarse-mesh Macrolib stored within an output EDITION
object (EDIT-REF), compatible with the selected reflector model. Module NODSPH: recovers the reference
GEOMETRY, depicted in Figs. 7 to 9, from object GEOM_GAP. The S,, GEOMETRY must have a reflective
(REFL or ALBE 1.0) boundary condition on its left (X-) and lower (Y-) boundaries. Module NODSPH:
recovers the following information from each EDIT_REF object:

e Coarse group surfacic fluxes between the nodes using averaged flux values recovered into gap vol-
umes, corresponding to water blades in fuel assemblies or to tiny meshes in reflector zones. There
is no need to define a gap over a symmetry surface, except if this surface is a boundary where an
assembly discontinuity factor (ADF) is required. However, a gap should be set over a void or albedo
# 1 boundary.

e Coarse group net currents on the heavy line segments between the nodes in Figs. 7 to 9. These
values are obtained from a balance relation, assuming reflection on the left and lower boundaries.

e Averaged macroscopic cross sections and diffusion coefficients within the no-gap homogenized nodes.

¢ ¢ b ¢
7 5 T9] ¢ ¢
4 5 |6 3 4 | ADF2
1 2 |3 1 2 | ADFq
gap—* ¢

Figure 7: Definition of quarter-assembly macro-geometries (with and without gaps) used by
the NODSPH: module.

At output, a MACROLIB object is produced with equivalent macroscopic cross sections, diffusion co-
efficients, discontinuity factors and albedos. A verification calculation is performed over the NODSPH:
no-gap geometry as depicted in Figs. 7 to 9.

Nodal expansion base functions are used to represent the flux nodal expansion methods. By default,
polynomials defined over (—0.5,0.5) are used as base functions:!’!

PQ(U) =
Pi(u) = u

, 1
Py(u) = 3u ~1

Py(u) = (u2 — i) u

Py(u) = <u2 - i) <u2 - %) (3.1)
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equivalent
reflector

feeding fuel
assemblies

Figure 8: Definition of fuel-reflector macro-geometries (with and without gaps) used by the
NODSPH: module.

31 | 32 [s3] 35| 36 13 14 15 16 Gd-UOX quarter assembly

25 |26 P 29 | 30
1920 z% 23 | o2

13 14 |15 17 18 UOX quarter assembly
7 8 (9| 11 12 5 6 7 8
1 2 [3]4] 5 6 1 2 3 4

-

e ¢

Figure 9: Definition of colorset macro-geometries (with and without gaps) used by the
NODSPH: module.

There is the option of using hyperbolic functions in some energy groups:
P3(u) = sinh({yu)
2
Py(u) = cosh(Cu)— c sinh({,/2) (3.2)

where

%
= Az |58 3.3
Cg €L Dg ( )
where Az, ¥, ; and D, are the node width (cm), the macroscopic removal cross section (cm™') and the
diffusion coefficient (cm) in group g, respectively.
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The calling specifications are:

Table 4: Structure (NODSPH:)

GEOM MACRO := NODSPH: GEOM_GAP | EDIT_REF ]| :: (NODSPH_data)

where

GEOM character*12 name of the nodal GEOMETRY (type L_GEOM) object open creation mode.
This geometry can be used for performing a verification calculation over the 1D nodal
geometry.

MACRO character*12 name of the nodal MACROLIB (type L_MACROLIB) object open in creation
mode.

GEOM_GAP  character*12 name of the MACRO-GEOMETRY with gaps (type L_GEOM) object open
read-only mode. This object describes geometries depicted on left sides of Figs. 7 to 9.

EDIT_REF character*12 name of a reference EDITION (type L_EDIT) object, containing a coarse-
group and coarse-mesh MACROLIB for the MACRO-GEOMETRY with gaps.

NODSPH _data input data structure containing specific data (see Section 3.4.1).

3.4.1 Data input for module NODSPH:

Table 5: Structure (NODSPH _data)

[ EDIT iprint |

[ HYPE igmax ]

GRID ((igrid(i,j),j=1,LY),i=1,LX)

[ { ALBE | NOAL } | [ { LEFT | RIGH } |
[ NGET [ (adf(g), g=1,N,) ]

>

where

EDIT keyword used to set iprint.

iprint index used to control the printing in module NODSPH:. =0 for no print; =1 for minimum
printing (default value).

HYPE keyword used to specify the type of nodal expansion base functions. By default,

polynomial base functions are used in all energy groups. This keyword has no effect
with the analytic nodal method.

igmax hyperbolic base functions are used for coarse energy groups with indices > igmax.
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GRID

igrid(i,j)

ALBE

NOAL
LEFT
RIGH

NGET

adf
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keyword used to set the nodal mixture indices igrid. A LX X LY matrix follows, where
LX and LY are the number of lines and columns of the MIX array in the MACRO-
GEOMETRY GEOM_GAP.

Nodal mixtures indices in non-gap locations. Mixture indices should not be repeated
to keep consistency about discontinuity factor orientations. In gap locations, symbols
“17, “=” and “.” are used.

The GRID data structures corresponding to Figs. 7 to 9 are set as

D (* quarter-assembly *)
2 |
4 |

GRID (* fuel-reflector *)

1 2 | | 3 4 | | 5 6 |

7 8 | | 9 10 | | 11 12 |

13 14 | | 15 16 | | 17 18 |

19 20 | | 21 22 | | 23 24 |

25 26 | | 27 28 | | o 0 |

29 30 | | 31 32 | | o 0 |
and

GRID (* colorset x*)

1 211 3 4
5 6 | | 7 8
9 10 | | 11 12
13 14 | | 15 16

keyword used to compute an equivalent albedo in each coarse energy group (default
option).

keyword used to desactivate equivalent albedo calculation.
keyword used to merge single gaps with the left nodes.
keyword used to merge single gaps with the right nodes (default option).

keyword used to force the value of the fuel assembly discontinuity factor at the fuel-
reflector interface, as used by the NGET normalization. By default, this value is not
modified by NGET normalization.

value of the assembly discontinuity factor (ADF) on the fuel-reflector interface in
group g < N,. If keyword NGET is set and adf values are not given, the ADF values
are recovered from EDIT_SN.
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4 Examples of input data files

4.1 TIAEA-3D benchmark

The IAEA-3D benchmark is defined in Ref.

33

and its geometry is represented in Fig. 10. Here, it is

solved using the nodal expansion method with axial mesh set at 0, 20, 63.33, 106.67, 150, 193.33, 236.67,

280, 320, 360 and 380 cm.

A&
Plane 1 7
Mixture index
_l NO
20 cm incoming
current
4
22 (0]
7
o
7
Plane 3
No
incoming
3 current
3 2 4
(3] 3
7220 (0]

4
7/
Plane 2 ’
No
incoming
3 current
2 1 4
(3] 3
2 Tt 0]
7
A
/
Plane 4
No
incoming
5 current
5 4
(5] 5
e 03

Figure 10: Description of the TAEA-3D benchmark.

[ T —

* TEST CASE IAEA3D UNFOLDED

* MACROLIB-DEFINED CROSS SECTIONS

P p—

* Define STRUCTURES and MODULES used

[ T —

LINKED_LIST TAEA3D TRACK MACRO FLUX REF EDIT ERROR ;

MODULE GEO: NSST: BRIF: MAC: OUT: ERROR: END:

>

SEQ_ASCII _iaea3d_ref :: FILE ’./_iaea3d_full_ref.txt’

PROCEDURE assertS ;
*

IAEA3D := GEO: :: CAR3D 17 17 4

EDIT 2
X- VOID X+ VOID
Y- VOID Y+ VOID

’
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Z- VOID Z+ VOID

MESHX -160.0 -140.0 -120.0 -100.0 -80.0 -60.0 -40.0 -20.0

0.0 20.0 40.0 60.0 80.0 100.0 120.0 140.0 160.0 180.0

MESHY -160.0 -140.0 -120.0 -100.0 -80.0 -60.0 -40.0 -20.0

0.0 20.0 40.0 60.0 80.0 100.0 120.0 140.0 160.0 180.0

MESHZ 0.0 20.0 280.0 360.0 380.0

SPLITZ 1 6 2 1

MIX

! PLANE NB 1

00000444 4 44400000
00044444 4 44444000
00444444 4 44444400
04444444 4 44444440
04444444 4 44444440
44444444 4 444444414
44444444 4 444444414
44444444 4 444444414

44444444 4 444444414

44444444 4 444444414
44444444 4 444444414
44444444 4 444444414
04444444 4 44444440
04444444 4 44444440
00444444 4 44444400
00044444 4 44444000
00000444 4 44400000

! PLANE NB 2

00000444 4 44400000

00044411

11444000

1

0600441112 2 21114400
04411222 2 22211440
04113222 3 22231140
44122222 2 22222144
41122222 2 22222114
41222222 2 22222214

41223222 3 22232214

41222222 2 22222214
41122222 2 22222114
44122222 2 22222144
04113222 3 22231140
04411222 2 22211440
00441112 2 21114400

00044411

11444000

1

00000444 4 44400000

! PLANE NB 3

00000444 4 44400000

00044411

11444000

1

0600441112 2 21114400
04411222 2 22211440
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04113222 3 22231140
44122222 2 222221414
41122232 2 23222114
41222222 2 22222214

41223222 3 22232214

41222222 2 22222214
41122232 2 23222114
44122222 2 22222144
04113222 3 22231140
04411222 2 22211440
0600441112 2 21114400

00044411

11444000

1

00000444 4 44400000

! PLANE NB 4

00000444 4 44400000
00044444 4 44444000
00444444 4 44444400
04444444 4 44444440
04445444 5 44454440
44444444 4 444444414
44444454 4 454444414
44444444 4 444444414

44445444 5 444544414

44444444 4 444444414
44444454 4 454444414
44444444 4 444444414
04445444 5 44454440
04444444 4 44444440
00444444 4 44444400
00044444 4 44444000
00000444 4 44400000

)

EDIT 2 MAXR 3000 HYPE 2

:= NSST: IAEA3D ::

TRACK

>k >k >k >k >k >k >k >k >k >k >k >k >k >k >k >k >k >k >k >k >k 5k 5k 5k >k >k >k >k >k %k >k >k >k >k >k >k >k >k >k >k >k %k >k >k >k >k >k >k 5k 5k >k >k >k >k >k %k >k K >k >k >k %k %k %k %k >k >k *k *k k*k *k

*

MACROLIB DEFINITION
stk ok ok ook ok ok ok ok ok ook ok ok ok sk ok ok sk sk ok ok sk ok ok ok sk sk ok ok sk sk ok sk sk sk sk ok skok ok ok sk sk sk sk sk ok ok sk skok sk sk sk ok ok sk ok sk ok ok ok

*

:= MAC:
EDIT 2 NGRO 2 NMIX 5 NIFI 1
READ INPUT

MACRO
MIX

1.500E+00 4.0000E-01
TOTAL 3.000E-02 8.0000E-02

NUSIGF 0.000E+00

DIFF

1.3500E-01

1

CHI
H-FACTOR 0.000E+00

1.3500E-01

110.0220.00.2E-01

SCAT

MIX

1.500E+00 4.0000E-01
TOTAL 3.000E-02 8.5000E-02

NUSIGF 0.000E+00

DIFF

1.3500E-01
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CHI 1.0 0.0
H-FACTOR 0.000E+00 1.3500E-01

SCAT 110.0220.0 0.2E-01
MIX 3
DIFF 1.500E+00 4.00000E-01
TOTAL 3.000E-02 1.30000E-01
NUSIGF 0.000E+00 1.35000E-01
CHI 1.0 0.0
H-FACTOR 0.000E+00 1.35000E-01
SCAT 110.0220.0 0.2E-01
MIX 4
DIFF 2.000E+00 3.0000E-01
TOTAL 4.000E-02 1.0000E-02
SCAT 110.02 2 0.0 0.4E-01
MIX 5
DIFF 2.000E+00 3.0000E-01

TOTAL 4.000E-02 5.5000E-02
SCAT 110.0220.0 0.4E-01
st ke s ok ok sk sk sk ke ok ok sk sk sk ok o ok ok sk ok sk sk sk stk e sk ok sk ok sk sk sk sk sk s sk ok sk sk sk sk sk sk sk sk sk ok sk ok sk sk sk sk sk sk sk sk ok ok sk ok Kok
* FLUX SOLUTION (NODAL EXPANSION METHOD) *
stk ko sk sk ok sk sk ko sk sk ok sk sk ok ok ok sk skesk sk sk sk sk ok sk ok sk sk sksk sk sk sk skesk sk ok sk sk skesk sk sk sk stk sk ok sk ok sk sk sk sk sk sksk sk ok ok sk sk kok

FLUX := BRIF: TRACK MACRO ::

EDIT 1

NUPD 100 'max no. of nodal updates

EXTE 1.E-8 300 !'max no. of iterations and tolerance for outer iterations for power method
INNE 1.E-8 300 !max no. of iterations and tolerance for Krylov iterations for power method
THER 1.E-6 300 !'max no. of iterations and tolerance for thermal iterations for power method
CMFD all_groups Wielandt ON Krylov bicgstab

VOID Marshak

NODA NEM

LEAK quadratic

REF := _iaea3d_ref :: EDIT 1 ;

EDIT := OUT: FLUX TRACK MACRO IAEA3D ::
EDIT 2 INTG IN ;

ERROR: REF EDIT ;

assertS FLUX :: ’K-EFFECTIVE’ 1 1.029083 ;

END: ;

The corresponding numerical results are presented in Table 6. Statistics are given for k.g and power
distribution accuracies. The reference solution is a converged Raviart-Thomas solution with cubic poly-
nomials, Gauss-Legendre integration and 2x2x2 mesh splitting. Reference powers P;* of assembly i were
obtained with the following formula:

.1
P = EAdgr;V2f7h(r)¢h(r) (4.1)

where V; is the volume of assembly .
These powers are then compared to data from less accurate calculations in order to obtain maximum

and average errors:
|P; — P}
max — — 4.2
€ IH?X{ P (4.2)

and ) P p
- Ly Pop

4.3
‘/core 7 Pl* ( )
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Table 6: TAEA3D benchmark calculations.®

Type of Transverse Mesh- Ake  €max €
method leakage splitting ~ Niot ot (pem) (%) (%)
Coarse mesh No 24681  1.031891 282.1 25.6 9.4
finite differences 2%x2x2 195124 1.028992 —7.8 26.4 9.6
Nodal expansion flat No 24681 1.029760 69.0 5.6 0.7
method flat 2x2x2 195124 1.029258 18.8 1.6 0.3
quadratic ~ No 24681 1.029083 1.3 1.2 0.4
quadratic ~ 2x2x2 195124 1.029085 1.5 0.2 0.1
Analytic nodal flat No 24681  1.029833 76.4 5.7 0.8
method flat 2x2x2 195124 1.029442 37.3 3.8 0.5
quadratic ~ No 24681  1.029131 6.2 1.2 0.3
quadratic ~ 2x2x2 195124 1.029111 4.2 0.5 0.1

(a) The reference effective multiplication factor is keg = 1.029070.

37
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5 The Brisingr Package

The following archive is required to install Brisingr:

Brisingr_Version5.0.8_evn.tgz

Information is recovered from the archive using
tar xvfz Brisingr_Version5.0.8_evn.tgz

The tar xvfz operations will create a directory named Brisingr Version5_evn. Another directory
named libraries should also be created at the same level to hold cross section libraries. Directory
libraries is generally a symbolic link to an existing location. The complete setup is depicted in Figure 11.

b_endian {
libraries 1 _endian {

hdfng
— readme_ brisingr
— Makefile
— rbrisingr
I~ src —
I Brisingr —— data ——
— bin —
.. . — lib —
— Brisingr Version5_evn

- Donjon  —

- Dragon ———

- Trivac —_

- Utilib ——

— Ganlib ———
- install
— IGE380 {

— doc IGE380.pdf
— make_ depend py3.py

L script — find pylib.py

Working Copy

Figure 11: Distribution content.

Directory Brisingr Versionb5_evn contains the information required to install and configure Brisingr.
Inside this directory is a file named readme_brisingr that contain the information required to configure
Brisingr on your system. This configuration process has the effect to add a few directories and binary
files to the Brisingr Version5_evn directory.
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It is possible to perform a basic installation on a Unix-based system using makefiles. Note: On AIX
and Solaris OS, you must replace make with gmake (the GNU variant of make utility). To install Brisingr,
simply do

cd ~/Brisingr_Version5_evn/Brisingr/
make
make clean

To execute the Brisingr non-regression tests, do

make tests

Directory libraries contains cross section libraries that can be used to test your implementation.
The libraries directory must me installed as shown in Figure 11 before following the instructions
of the readme brisingr file for executing any test requising a cross-section library. As an exam-
ple, the SmallCore BaffRefl.access script creates a symbolic link between the Apollob file named
CEA514 T2 V1_SHEM281 GV0.3.3 N.xsm and local file CEAT2 used in the SmallCore BaffRefl.x2m non-
regression test. The CEA514_T2_V1_SHEM281_GVO0.3.3.N.xsm file is not included in the archive.

The content of the readmeBrisingr file follows:

File: readmeBrisingr

# To activate hdf5 and Python3 bindings in the make utility, you need to define
# environment variables on a UNIX system. Add the information about the HDF5_INC,
# HDF5_API and FORTRANPATH environment variables in the .profile or .bashrc script.
# These lines are 0S-dependent.

# Availability of python3 utility and definition of the FORTRANPATH

# environment variable are prerequisite requirements for using both Makefiles

# and the PyGan bindings.

#

# On the recherche network at Polytechnique Montreal:

# Support for HDF5

export HDF5_INC="/usr/local/hdf5/include" # HDF5 include directory

if [ $MachineExtension = "-aix" ]

then

export HDF5_INC="/usr/include" # HDF5 include directory
fi
export HDF5_API="$HDF5_INC/../lib" # HDF5 C API
export LD_LIBRARY_PATH="$LD_LIBRARY_PATH:$HDF5_API"
# Support for Python3 API
export FORTRANPATH="/usr/lib/gcc/x86_64-redhat-linux/4.8.5/" # contains libgfortran.so

#

# On the RedHat 8 operating system:

# Support for HDF5

export HDF5_INC="/usr/include" # HDF5 include directory

export HDF5_API="$HDF5_INC/../1ib64" # HDF5 C API

export LD_LIBRARY_PATH="$LD_LIBRARY_PATH:$HDF5_API"

# Support for Python3 API

export FORTRANPATH="/usr/lib/gcc/x86_64-redhat-linux/8/" # contains libgfortran.so

#

# On the Ubuntu operating system:

# Support for HDFb5

export HDF5_INC="/usr/include/hdf5/serial/" # HDF5 include directory
export HDF5_API="/usr/1ib/x86_64-1linux-gnu/hdf5/serial" # HDF5 C API
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export LD_LIBRARY_PATH="$LD_LIBRARY_PATH:$HDF5_API"
# Support for Python3 API
export FORTRANPATH="/usr/lib/gcc/x86_64-1linux/9/" # contains libgfortran.so

#

# On the Scibian 10 operating system:

# Support for HDF5

export HDF5_INC="/usr/include/hdf5/serial" # HDF5 include directory

export HDF5_API="/usr/lib/x86_64-linux-gnu/hdf5/serial" # HDF5 C API

export LD_LIBRARY_PATH="$LD_LIBRARY_PATH:$HDF5_API"

# Support for Python3 API

export FORTRANPATH="/usr/lib/gcc/x86_64-linux-gnu/8/" # contains libgfortran.so

#

# Instructions for configuring Brisingr_Versionb5_evn on UNIX systems
#

# To configure Brisingr_Versionb5_evn components with custom compiler using makefiles:
cd “/Brisingr_Versionb5_evn/Brisingr/

make

make clean

#

# To configure Brisingr_Versionb5_evn components with Intel compiler using makefiles:
cd “/Brisingr_Versionb5_evn/Brisingr/

make intel=1

make clean

#

# To build an OpenMP-enabled version, simply write

make openmp=1

#

# To execute the non-regression tests with custom compiler:

make tests

#

# To execute the non-regression tests with Intel compiler:

make tests intel=1

#

# On AIX and Solaris 0S, you must use GNU Make:

cd ~/Brisingr_Version5_evn/Brisingr/

gmake

gmake clean

gmake tests

# To execute Brisingr with Intel compiler:
cd "/Brisingr_Versionb5_evn/Brisingr/
./rbrisingr -c intel AFA_180_310_typel.x2m

# To execute Brisingr with custom compiler:
cd ~/Brisingr_Versionb_evn/Brisingr/
./rbrisingr AFA_180_310_typel.x2m

# To configure the doc
cd ~/Brisingr_Version5_evn/doc/IGE380
./install

# To read the doc:
gv -antialias "/Brisingr_Version5_evn/doc/IGE380/IGE380.pdf
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