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Mathematical programming methods have been applied to study
equilibrium refueling of nuclear reactors. In particular fuel management
problems are solved by successive linearization. The domain of validity
of these approximations is specified by a quadratic spherical constraint.
The approach proposed in this paper involves the reformulation of each
problem and the use of parametric linear complementarity theory to solve
it. Numerical results are included to demonstrate the efficiency of the

approach and compare it with the augmented Lagrangian method.




1. Introduction

Mathematical programming methods have been used to study the
equilibrium refueling of nuclear reactors. The problem is to minimize
the total reactor feed rate under equilibrium refueling by adjusting the
exit irradiation of the fuel in specified burnup zones under some cons-
traints on excess reactivity and on the power shape in the reactor.
This problem is solved using successive linearizations of the objective
and constraint functions (see [ 3,9]). The method of approximate program-—
ming (MAP) proposed by Griffiths et al. [4] (also analyzed in [8]) requires
a linear programming problem to be solved at each iteration, but upper
and lower bounds are added on variables to limit their variation inside

a domain of validity of the approximation:

Min ch
Subject to Ax = b (1.1)
L <x=u

where ¢, &, u, X € En, b € E® and A is an mxn matrix.
To reduce the number of linearizations reqdf}ed to solve the
problem,it was proposed in f3 ] to use a quadratic constraint of the
form ixTPx = d rather than upper and lower bounds on individual varia-
bles. This, in fact, reduces the "extremality'" effect of linear program-
SJWUJ
ming by smoothing a rectangular constralnt in (MAP) by a speedsl cons-

traint. The linearizations take the form:

Min CTx

Subject to Ax = b (1.2)
1xTpx = d

where P is a positive definite matrix of order n.



Several techniques are available to solve such a problem (in
particular the augmented Lagrangian approach as implemented in MINOS [6]),
but we rather propose to reformulate the problem and
to use parametric linear complementarity theory to solve it. This
approach is presented in Section 2. In Section 3 the algorithm is
presented and in Section 4 the problem with non negative constraints
on the variables is analyzed. Finally, Section 5 includes numerical

results.

2. Parametric linear complementarity approach

In the first step of the procedure, the relaxed problem:

Min CTx (2.1)
Subject to Ax = b
is solved. Assume that z*»(-~) is the optimal value and that x* is an
optimal solution of (2.1). It is well known that if x* satisfies the
constraint %x*TPx* < d, then x* is an optimal solution of (1.2), and
the procedure stops. Otherwise, there exists an optimal solution of (1.2)
for which the additional constraint holds with equality. Hence, rather
than solving (1.2), consider the following problem
Min  3x Px (2.2)
Subject to Ax = b
ch sz¥+ 7T .
It is easy to verify that (1.2) is equivalent to determining the smallest
value t* = 0 such that an optimal solution X of (2.2) with T=7* satisfies
gx'Tpi = d and cT§ = 2% + %, Indeed, for T = 0, x* is a feasible
solution of (2.2) where 3x*Px* > d, and the optimal value of (2.2) is

a non-increasing function of T because the feasible domain can only get

larger as T increases.



The Kuhn-Tucker first order optimality conditions for (2.2)

are given as follows:

Px + ATv + ne

[}
o

v (b-Ax)

]
o

n(z*x + T - ch)= 0
Ax = b

T
cx s zFx+1

Since P is a positive definite matrix, from (2.3) it follows that
X = - P-lATv - nP-lc.
Substituting this value of x in (2.4) and (2.5),

0<b-aAx =b+ AP JATy + nap tc -

0 2% + 1 - CTx = zk + T + cTP-lATv + cTP-lc = a.

This system can be written in matrix form as

W b 0 ap 1Al ap7lc v

- - b
a z* 1 cTP lAT cTP lc

w =0, a=0.

Including the non-negativity conditions
v=>0,m=0
and the complementarity condition
wTv +anr = 0,
we obtain an equivalent system to the Kuhn-Tucker conditions for

problem (2.2).
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The approach involves solving the parametric (in %) linear comple-

mentarity problem (2.9) - (2.12) until we identify the smallest value of



the parameter T* > 0 such that the corresponding value x satisfies

%iqP; = d and cT§ = zk + Tk

Now, suppose that problem (2.1) is unbounded below. To
handle this case as before, we have to select a point x* on the extreme
ray identified at the last iteration of the simplex with a value
zk = ch* small enough to ensure that the optimal value of (2.2) where
7 = 0 is larger than or equal to d. Indeed, otherwise the optimal
value of (1.2) might be smaller than z* and the procedure could not

identify it.

3. Algorithm

To simplify the statement of the algorithm, denote
ap~laT ap7lc b 0 W v
- - *
CTP lAT cTP 1c Z 1 a o
Then the parametric linear system (2.9) can be written

y=q+1p+ M . (3.1)
The algorithm is summarized as follows:

Step 1. Solve the relaxed problem (2.1). If 2% < -=, let x* be an
optimal solution. If %x*TPx* < d, then x* is an optimal solution of
(1.1) and the procedure terminates. Otherwise, let FL=0 and move to
Step 2.

If (2.1) is unbounded below, select x* on the extreme ray
identified at the last iteration of the simplex procedure such that

x*TPx* > d. Let FL=1 and z* = ch*.

Step 2. Specify the system (3.1) using z*. Determine a complementary
solution of (3.1) with v = 0 using a complementary pivot algorithm and

performing the pivots on column p also. The transformed system is denoted



g =q+Tp+ Mh. (3.2)
Denote by x(0) the corresponding value of x.
If ix(O)TPx(O) > d, letgé= 0, val = %x(O)TPx(O), and move
to Step 3. Otherwise, if FL = 0 . , then ix(O)TPx(O) = d, and
x(0) is an optimal solution of (1.1) and the procedure terminates.
If FL=1, select a new point x* on the extreme ray identified at the
last iteration of the procedure such that its value z* is twice as small

as before. Repeat Step 2.
Step 3. If p = 0, then move to Step 6.

Step 4. Let

'UI|" I
]
=
[l
=
)
|
=l

[
A
(=]

T = -
T pi

Evaluate val = ix(TB)TPx(TB).
Step 5. If val = d, move to Step 6.

If arr > 0, pivot on Err to obtain a new system of the form

(3.2). Repeat Step 3.

if arr = 0, determine the index s such that
1 S AR P e

“n qS _s 9| = Min - CH _i qr : mir < 0\ .
sr pr ir pr

Execute a 2x2 block pivot on L and m.. to obtain a new system of the

form (3.2). Repeat Step 3.

Step 6. Determine T* such that ix(T*)TP x(t*) = d using
the variable x as a function of T specified at ©4. Then x(t*) is an

optimal solution of (1.1), and the procedure terminates. o




Step 4 and 5 are the general steps of a parametric linear
complementarity algorithm described by Cottle in [1 ]. This algorithm

can be used because the matrix M is positive semi-definite.
Theorem 3.1 The matrix M defined in the algorithm is positive semi-definite.

Proof. First, it is easy to verify that the matrix M is positive
semi-definite. Indeed the quadratic form
T - [pT.] T ot | o] [pTchT] pt [I\To-wc] >0

cTP-lAT cTP-lc Y

since P is positive definite.

The result follows from ,Theorem 2] since M is a principal
transform of M (i.e. M is obtained from M via a block pivot on a princi-

pal submatrix of M). a

Furthermore, in Step 5, for the case were Ers = 0 there
exists at least one index i such that ﬁir < 0. Indeed, if m =0

for all i, thenm_, = 0 for all i (see [2,Theorem 3]) Hence the parametric

ri
linear complementary system (3.1) would not have any solution for T > 7é.
This is a contradiction since (2.9) - (2.12) is equivalent to the Kuhn-

Tucker conditions of problem (2.2) which has an optimal solution for

all © = 0.

It is worth noticing that the quadratic form xTPx can be

evaluated in terms of the variables v,mandt. Indeed, using (2.3),

xTPx = [\JTAP_1 + ﬂcTP-l] P [P-lATv + nP-lc]
= [v5, n |ap7IaT AP—lc“ v
1A Tplel

T

LI e




--[vi,n] [b ] (by (2.10)) |
zk + 7 :

As a consequence,

3 x(0)T Px(t) = - Hv(r)T b+ n(t) @* + 1)},

Furthermore, T* is a solution of the equation

v T b+ (1) @* +1)} -d=0

where the expression y(t) and w(t) are those specified for © = t¢.

4. Problem with non-negative variables

If problem (1.2) includes non-negative variables, then it can

be formulated as

Min ch
Subject to Bx = f (4.1)
-Ix =0
ix'Px < d

Hence using the notation of problem (1.2), it follows that

v a] e el

One way of solving problem (4.1) is to use the algorithm given in
Section 3. But, referring tothe Kuhn-Tucker conditions of (4.1), it

can also be solved using the algorithm of Section 3 where
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The same analysis as in Section 3 follows, except for the evalua-

T
tion of x Px. It follows directly from the Kuhn-Tucker conditions that

}x'Px = i[vgf +u(z* + D) .

Consequently, T* in Step 6 is a solution of the equation

THlv,@T f 4D (4D d =0

where the expressionsvz(t) and w(t) are those specified for T = Té.

5. Numerical results

The purpose of the following tests is to verify the numerical
potential of the approach. We did not make any specific effort to generate
the most efficient computer code to implement the approach, but we rather
used experimental computer codes available for Lemke's algorithm [ 7 ] and
for linear programming [5 ]. These tests have been obtained with a CYBER

173 at the University of Montreal.

Five different problems were generated with a 10x30 constraint
matrix A and three with a 15x50 constraint matrix A. The parameters were
generated randomly as follows: 0 = aij =10, =25 = cj =0, 0= p1i = 10.
Furthermore, the density of A (i.e. the percentage of non-zero elements)
was taken equal to 40%. For each of these problems three different
values of d were tested. The results are summarized in TABLE 5.1 where
the average CPU times for each variant are given. (Variant 1 is presented

in Section 3 and variant 2 in Section 4). Note that the linear programming

algorithm in [ 5 ] was used to solve problem (2.1) in both variants.
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Problem Values Variant 1 Variant 2 MINOS

size of d
10x30 5000 4.193 4.119 5.290
3000 4,355 4.270 6.036
1000 4,948 4.541 8.194
15x50 5000 12.232 12.897 10.461
3000 13.079 13.663 11.820
1000 14.167 14.909 18.037

TABLE 5.1

The tests indicate that the approach is competitive with MINOS.
Furthermore, both variants are less sensitive to smaller values of d
(thighter problems) than MINOS. Hence they become more efficient in
these cases. Both variants seem equally efficient on the problems tested.
In conclusion, these preliminary results show the adequacy of the approach

for this problem.
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